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Abstract—Welch bound equality (WBE) signature sequences Unfortunately, signatures that are both equiangular and max-
maximize the sum capacity of the uplink in direct-spread syn- jmally spaced are quite rare. Some explicit constructions are
chronous code division multiple access (CDMA) systems. WBE 4 qijaple in the articles [5], [4], [3]. Signatures derived from

sequences have a nice interference invariance property that . . h .
typically holds only when the system is fully loaded and the good packings in the Grassman manifold, even the best line

signature set must be redesigned and reassigned as the numbeackings tabulated by Sloane [6], do not generally satisfy the
of active users changes to maintain this property. An additional WBE property when they are not equiangular. In cases where

equiangular constraint on the signature set, however, maintains sych signatures do not exist, we would be satisfied with a
interference invariance. Finding such signatures requires im- WBE whose constituent signatures are close to equiangular.

posing equiangular side constraints on an inverse eigenvalue . . -
problem. This paper presents an alternating projection algorithm Recently proposed numerical algorithms for finding WBEs

that can design WBE sequences that satisfy equiangular side (€-9-, [7], [8], [9], [10]), however, do not easily incorporate
constraints. The proposed algorithm can be used to find Grass- equiangular side constraints.

mannian frames as well as equiangular tight frames. Though one |y thjs paper, we present an algorithm for finding Welch
s ot o s o e s e bound equalty Signature sequences that are exactly (r neary)
are partially characterized. equiangular. Our approach builds on our recently proposed
iterative algorithm for constructing CDMA signature se-
. INTRODUCTION quences [11], which has also been used to find signatures

Signature sequences that maximize the sum capacity in Batisfying peak-to-average ratio constraints [12]. The idea is
uplink of direct-spread synchronous code division multipl® alternately solve two matrix nearness problems, one thats
access (CDMA) systems in Gaussian noise are known finds the closest signature set satisfying Welch's bound with
satisfy Welch’s bound on the total squared correlation witdquality and the other that finds the nearest set of equiangular
equality [1]. These sequences, known as Welch bound equaéitgnatures. This algorithm is related to a method used by
(WBE) signature sequences, are determined by the numl@#u for solving an inverse eigenvalue problem [13]. Our
of users and the dimensionality of the signature space. Thagorithm can be also used to find Grassmannian frames as
have the interesting interference invariance property in thatll as equiangular tight frames. We argue that our algorithm
each signature sees exactly the same interference power. Téwsverges to a fixed point, and we claim that the class of fixed
the interference experienced by a user is independent pafints contains the desired sequences. Detailed proofs of these
the signature assigned to that user. Unfortunately, when tlesults are deferred due to space constraints [14].
number of active users changes, the signatures must generally
be recomputed and reassigned to maintain the interference Il. SIGNATURE DESIGN PRELIMINARIES
invariance [2].

Recently a class of signatures, known as GrassmanniarConsider the uplink of a single cell, short code, synchronous
signatures, were introduced that satisfy interference invariafé®@MA system withV total signatures and a processing gain
even when subsets of the available users are active [3]. THid-etx;, denote thelx 1 signature, code, or sequence, of user
signature construction is intimately related to the problem &f normalized ad/x;|| =1 for k = 1,..., N. We assume that
sphere packing in the Grassmann manifold, in this case oilee maximum number of active users allowed in the system is
dimensional subspaces (lines), and more specifically to the> d > 1.
construction of Grassmannian tight frames [4]. The interfer- If the signaturesk;, form an orthogonal set, the length
ence invariance properties comes from the fact that becadstermines the allowable number of users. It has been shown
Grassmannian signatures satisfy Welch’s lower bound on ttet nonorthogonal signature sets whé&fe> m users may be
maximum correlation with equality, they are equiangular (theecessary to achieve the full sum-capacity of the synchronous
correlation is the same for all distinct signature pairs) argingle-cell CDMA channel [1]. These sequences are called
maximally spaced with the smallest possible inner produdtelch bound equality sequences [15] since they satisfy the
The equiangular property provides interference invariandé/elch bound on the total squared correlation with equality.



WBE signature sequences have a number of nice properiieote the maximum correlation. Grassmannian signatures
as summarized in [16], [15]. Perhaps the most interestiaghieve the lower bound on the maximum correlation for a
property is that, using WBE sequences, the interferenceliise packing, as summarized in the following theorem.
uniform across all users [16]. The sum total interference in Theorem 1:LetS = {x1,...,xn} be a set of unit vectors
the system is given by, 3=, (xx,%)|> — N? which for in E? with N > d. Then

WBE sequences is simpl%—2 — N. Using WBE sequences, N—d
the total interference power experienced by usés p(N,d) > AN 1) ®)

al N —d If £ =R then equality in (5) can only hold iV < m(m +
I(k) = Z|<X’“Xl>|2_1 = T4 fork =1,2,...,N 1)/2 and if E = C then equality in (5) can only (hold if
=1 1 N< m?. Furthermore if equality holds in (5) then the vectors
and isthe same for every useThus the SINR performancein S are equiangular.
for any userk is simply Proof: See [17] for example. . ' O
In general, it is torturous to find signatures that satisfy
o2\ ! d -1~ (5) with equality. Not only is the optimization difficult, but
SINR, = [(;) + <N—d> ] (2) there is no general procedure for deciding when a frame
v solves the optimization problem unless it meets a known

and the performance only depends®randd. Unfortunately, lower bound. Most of the current research has approached
interference invariance only occurs when the system is fullfpe design problem with algebraic tools. A notable triumph of
loaded [15], [2] (V users are active). The reason is that a WBHIS type is the construction of Kerdock codes o¥grandZ,

set for N > d users almost always ceases to be a WBE sée to Calderbaniet al. [5]. Other explicit constructions are

if any M < d sequences are removed from or added to tl%scussed in the articles [4], [3] In the numerical realm, Sloane
set [3]. Thus if N < N users are active, the whole signaturas used his Gosset software to produce and study sphere
set will need to be recomputed féd, V) and the signatures Packings in real Grassmannian spaces [6]. Sloane’s algorithms

reassigned or additional power control will have to compensdtave been extended to complex Grassmannian spaces in [18].
for interference inequality. We are not aware of any other numerical methods.

Some examples of signatures that achieve the bound in (5)

[1l. EQUIANGULAR SIGNATURES FORCDMA SYSTEMS are available in [4] but generally they are hard to find. The

Anint i bel ¢ WBE sianat K reason is that while good line packings have been tabulated for
N interesting subclass o = Signature sequences, Knoylliq s g and N, these packings do not necessarily maintain
as Grassmannian signaturesetains the interference invari-

. the equiangular property. On the other hand, some equiangular
ance property even when a subset of signatures are ac g 9 property N g

Whature sets do not achieve the maximally spaced propert
[3]. Grassmannian signatures are constructed from optin?ea Y Sp broperty,

Ki £ the G ifold. Th anaterd it is possible to find five equiangular vectorsRA but
packings ot fines on the Lrassmann maniold. These signatiyy y are not maximally spaced. In both cases, the resulting
sequences satisfy two important properties:

packings may not satisfy the WBE property enjoyed when
1) They areequiangular i.e., equality is satisfied.
. Since the equiangular property provides interference invari-
|(xk, x1)] = ¢ for all &, I with k 7 { ©) ance, it may be of practical interest to sacrifice the maximally
for some constant > 0. spaced requirement but yet maintain the constraint that the
2) They aremaximally spacedi.e. ¢ in (3) is as small as Signature sequence forms a WBE sequei¢e objective of
possible. this paper is to present an algorithm for finding WBEs that

. . . a“e nearly equiangular
The equiangular property means that every signature is equal Yet X — [x1, X2 xx] be the signature matrix con-
- ) 1ty

‘.‘far“ ffrom every pther S|gnature.FTh|s IS trl‘:/\;;,“g'ﬂ of thestructed from the signature set. It can be shown that a neces-
mter'erence nvarlance pr.operty. or exampiei 'S_t e set sary and sufficient condition for a signature sequence to satisfy
that indexes the active signatures, then the total mterfereqﬁg Welch bound with equality is that thipositive singular
experienced by any usér=1,2,..., N'is values ofS are identical. A matrix with this property is called
I(k) = o x)2 =1 = ¢(N] -1 4 atlght frame Our_goal, then,.ls to construct a signature matrix
*) Z 6k, 3| (W ) @) X with the following properties.

N T i. The matrix is a tight frameXX* = a|,.
which only depends on the cardinality 4f. i. Each column has the correct nortx,, || = 1.
The maximally spaced property implies that the signatureiii. The columns are equiangulaf{xy,x,,)| = ¢ for all
sequence minimizes the maximum angle between the lines £ +# m and some:.
generated by, andx;. Let In this paper we present an algorithm that calculates such

sequences that we call equiangular tight frames. In the sequel,

p(N,m) := m%§l|<xk’xl>| we summarize the method and its theoretical behavior.

by



IV. ALTERNATING PROJECTIONPRELIMINARIES Problem 1: Find a matrix in%,, that is minimally distant
Our technique is based on an alternating projection betwe@M %" with respect to a given norm.
Property (i) and Properties (ii)—(iii). The algorithm attempts i@ y,q 1o sets intersect, any solution to this problem will lie in
compute a nearby matrix (in terms of the Frobenius norm) thiyls jntersection. Otherwise, the problem requests a tight frame
sat|§f|es Properties (')_('"_)‘ _ ) with unit norm columns whose Gram matrix is “most nearly
Since the Gram matrixX" X displays all of the inner gi,cyred” We do not mention the problem of producing a

products, it is more natural to construct the Gram matrix of #Matrix in . that is nearest t&, because it is not generally
equiangular tight frame than to construct the signature mat%ssible to factor a matrix iz’ to obtain a frame with
directly. Therefore, our algorithm will alternate between thgimensions? x N.

collection of Hermitian matrices that have the correct spectrum
and the collection of Hermitian matrices that have sufficiently V. STATEMENT OF THE ALGORITHM

small off-diagonal entries. Practically, implementing to proposed alternating minimiz-
Define a collection that contains the Gram matrices of all y, Imp g to prop 9

dx N a-tight frames: ing invglves aIterngter en_forcing t_he two aforemen_tior?ed
' constraint sets until reaching a suitable stopping criterion.
4, < (G eCVN . G =G and _Convergence is an issues since the tight frame constraint set
G has eigenvalueé&r, ..., a,0,...,0)}. (6) 'S Ri)n-c_onvex. , o
. , gorithm 1 (Alternating Projection):
d INPUT:
The set¥, is essentially the Grassmannian manifold that o An arbitrary matrixS,
consists ofi-dimensional subspaces©f' [17]. One may also . The number of iterationd
identify the matrices i, as rankd orthogonal projectors, o ,rpyuT

scaled bya. A signature matrixX
Theorem 2 shows how to find a matrix #, nearestto an  ° 9 J
arbitrary Hermitian matrix. PROCEDURE

Theorem 2:Suppose tha¥ is an N x N Hermitian matrix 1) Letj=1andH = 5;5.
with a unitary factorizatiorUAU*, where the entries ofl are 2) Find G;, the Gram matrix nearest #d;_; in Frobenius

arranged in algebraically non-increasing order. Ugtbe the norm that has Property (i).
N x d matrix formed from the firsdl columns of U. Then  3) Find H;, the nearest Gram matrix tG; in Frobenius
a UyUg™ is a matrix in%, that is closest t&Z with respect to norm that has Properties (i) and (iii).
the Frobenius norm. This closest matrix is unique if and only 4) Increment;. Repeat Steps 2—4 unjjil> J.
if \g strictly exceeds\yy . 5) Solve forX; by factoring G; using a finite-step method
Proof: See [14] for details. ] such as [19] for example.
Let 2# be a closed collection aV x N Hermitian matrices
that satisfy the structural constraint set motivated by the VI. SUMMARY OF CONVERGENCERESULTS
equiangular property: The machinery of point-to-set maps is required to under-
ot NxN . stand the convergence of this algorithm, so we must refer the
M, ={HeC tH=H, reader to [14] for details. For reference, in this section we
diag H = m1 and m;agx [P | < 1} shall state the convergence results.

It may seem more natural to require that the off-diagon&l. Basic Convergence Results

entries have modulus exactly equal /ip but our experience |t should be clear that alternating projection never increases
indicates that the present formulation works better, perhapg distance between successive iterates. This does not mean

becauser, is convex. that it will locate a point of minimal distance between the
The following proposition shows how to produce the neareggnstraint sets. It can be shown, however, that it is globally
matrix in Jz,. convergent in a weak sense.

Proposition 3: Let Z be an arbitrary matrix. With respect pegine the distance between a poMtand a set? via
to Frobenius norm, the unique matrix itf;, closest toZ has

a unit diagonal and off-diagonal entries that satisfy dist(M, %) = »322/ Y —M|s.
R, = { Zm?arg o i r'f’"”' < pand Theorem 4 (Global Convergence of Algorithnijet &
pe " otherwise. and 2 be closed sets, one of which is bounded. Suppose
We usei to denote the imaginary unit. that alternating projection generates a sequence of iterates
Proof: The argument is straightforward. m {(Y;.Z;)}. This sequence has at least one accumulation

The objective of alternating minimization is to find gpoint.
solution to the following question. « Every accumulation point lies i x Z.



. L= = e d d
« Every accumulation pointY, Z) satisfies Nl2 3 a4 5 6llnl2 3 a4 5 6
V_7I — 1 7 3[R R . 20
HY_Z”F_]-IHEO 15 = Zillg - 4|C R R 21 c
o 5 . R R .||l 22
« Every accumulation pointY, Z) satisfies 6 R . R R 23
o o B 7 c C R || 24
||Y—ZHF:dist(Y,ﬁf):dist(Z,@). 8 - C -l 25 C
9 C . C|| 26
For a proof of Theorem 4, see the Appendix in [14]. 1(1) ]g & 3;
The convergence of the propqseq algorithm isgeometricat | 15| T 7 ¢l 29
best [20], [21], [22], [23]. This is the major shortfall of 3. . Cc . 3. . . . .
alternating projection methods. L T | B )
hat th f iterat h 5. . .. |32 . L L
Not_e that the sequence of iterates may have many accu- | 15| © . ¢ | R | 33
mulation points. Moreover, the last condition does not imply 7] .. . . . .| 34
that the accumulation pointY, Z) is a fixed point of the 18 S gg ‘
alternating projection. So what are the potential accumulation —
points of a sequence of iterates? Since the algorithm never TABLE |
increases _the di;tan_ce between succ_essive itgrates, the set of EQUIANGULAR WBE SIGNATURE SETS
accumulation points includes every pair of matriceg/irk 2
that lie at minimal distance from each other. The notationsR and C respectively indicate that alternating projection was
able to compute a real, or complex, equiangular tight frame. Note that every
B. Convergence Results real, equiangular tight frame is automatically a complex, equiangular tight

. frame. One period (.) means that no real, equiangular tight frame exists, and
Besides the general convergence result, Theorem 4, we algperiods (..) mean that no equiangular tight frame exists at all.

obtain a local convergence result.

Theorem 5:Assume that the alternating projection betweeRotice that the inner-products between vectors are quite dis-
9, and 7, generates a sequence of iteratlss;, H;)}, parate, ranging in magnitude between 0.2392 and 0.6303.
and suppose that there is an iteratioh during which These inner products correspond to acute angle®aP and
|Gs — Hsllp < N/(dv2). The sequence of iterates possessgg.9°. In fact, this tight frame is pretty tame; the largest inner
at least one accumulation point, se§, H). products in a unit-norm tight frame can be arbitrarily close

« The accumulation point lies i, x /. to onel. The Gram matrix of a six-vector, equiangular tight

« The pair (G, H) is a fixed point of the alternating pro-frame forR?® looks quite different:

jection. In other words, if we applied the algorithm €

or to H, every iterate would equdiG, H). 1.0000  0.4472 —0.4472 04472 —0.4472 —0.4472

h - , i 0.4472  1.0000 —0.4472 —0.4472  0.4472 —0.4472

« The accumulation point satisfies 04472 —0.4472  1.0000  0.4472  0.4472 —0.4472
R . 0.4472 —0.4472  0.4472  1.0000 —0.4472 —0.4472

|G —H|, = jlggo 1G; — Hjllg - 04472  0.4472 04472 —0.4472  1.0000 —0.4472

—0.4472 —0.4472 —0.4472 —0.4472 —0.4472  1.0000
« The component sequences are asymptotically regular, i.e.
Every pair of vectors meets at an acute angléfi°. The

1Gj+1 = Gjllp = 0 and [|Hj11 — Hjllp — 0. vectors in this frame can be interpreted as the diagonals of an
« Either the component sequences both converge in nortgosahedron [17].
|6, G|, —0 and |H;—Hl,—0 B. Summary of Basic Constructions
F F ’

. . _ We have used alternating projection to compute equiangu-
or the set of accumulatl_on. points forms a continuum. lar tight frames, both real and complex, in dimensions two
Proof: See the Appendix in [14] through six. The algorithm performed poorly when initial-

VIlI. NUMERICAL EXPERIMENTS ized with random vectors, which led us to adopt a more
sophisticated approach. We begin with many random vectors
, ) ) L . and winnow this collection down by repeatedly removing
~ First, let us illustrate just how significant a difference therghatever vector has the largest inner product against another
is between vanilla signature matrices and equiangular signatyeeyor. |t is fast and easy to design starting points in this
matrices. Here is the Gram matrix of a six-vector, unit-norgyanner yet the results are impressive. These calculations are

A. Example Construction

tight frame forR": summarized in Table I. Alternating projection can locate every
real, equiangular tight frame signature matrix in dimensions
1.0000  0.2414 —0.6303  0.5402 —0.3564 —0.3543 L . : . L
02414  1.0000 —05575 —0.4578 05807 —0.2902 two through six; algebraic considerations eliminate all the
—0.6303 —0.5575  1.0000  0.2947  0.3521 —0.2847
0.5402 —0.4578 0.2947 1.0000 —0.2392 —0.5954 |- 1To see this, consider a tight frame that contains two copies of an
—0.3564 0.5807 0.3521 —0.2392 1.0000 —0.5955 orthonormal basis, where one copy is rotated away from the other by an

—0.3543 —0.2902 —0.2847 —0.5954 —0.5955  1.0000 arbitrarily small angle.



d 4 8 16 32 64

N 5 9 18 36 70
Minimum Cor. 0.2500 0.1250 0.0021 0.0006 0.0000
Average Cor. 0.2500 0.1250 0.0765 0.0516 0.0326
Std. Dev. Cor. 0.0000 0.0000 0.0429 0.0301 0.0212
Max Cor. 0.2500 0.1250 0.1250 0.0966 0.0607
Max Cor. Packing| 0.2500 0.1250 0.0911 0.0674 0.0427
Max Cor. Bound | 0.2500 0.1250 0.0857 0.0598 0.0369

TABLE I

NEAR-EQUIANGULAR WBE SIGNATURE SETS

Summary of the correlation behavior of specific WBE sequences resultin

from the proposed algorithm. The last three lines compare the maximum c

[2] V. Kravcenko, H. Boche, F. Fitzek, and A. Wolisz, “No need for

(3]

(4]

(5]

0]

relation of the candidate near-equiangular WBE with the maximum correlation

of the best line packing found fdid, N) without the tight frame constraint
and the lower bound on the maximum correlation (5).

remaining values ofN [4], [?]. In the complex case, the

(7]

(8]

algorithm was able to compute every equiangular tight frame

that we know of. Unfortunately, no one has yet develope
necessary conditions on the existence of complex, equiangu

tight frames aside from the upper bourd,< d?, and so we

C. Overloaded System Example

]

have been unable to rule out the existence of other ensembi&d.

(11]

We have also constructed some WBEs in dimensions of

d =2k for k = 2,3,...,6 an overload factor of ten percent.

Constructions(4,5) and (8,9) are exact equiangular tight

frames (corresponding to the simplex). In the other cases, the

WBEs are only nearly equiangular. Because of the tight fra

The results of this construction are illustrated in Table |[_12

]
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